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I. INTRODUCTION

The interactions between colloidal particles and polymer
brushes attract interest in two domains. One involves inorganic
particles and a variety of polymers and solvents having in mind
composite nanomaterials and sensor applications1�10 as well as
nano-particle chromatography.11 In the second, biotechnology
domain, the particles are cells and proteins, the solvent is water
and the temperatures are near ambient. Here the aim is to tune
protein adsorption and cell adhesion with a view of promoting
biocompatibility, harvesting cell sheets etc. In this last case
special attention is given to neutral water-soluble polymers
(NWSP) and in particular poly(ethylene glycol) (PEG)12�14

and poly(N-isopropylacrylamide) (PNIPAM).15�17 In both
domains the behavior of the brush-colloid systems depend on
many parameters characterizing the brushes, the particles and
their interactions. These include: the area per chain, Σ, or the
corresponding grafting density, σ = a2/Σ where a is the mono-
mer size; the polymerization degree, N; the temperature, T; the
shape and dimensions of the particles as well as the poly-
mer�particle interactions. The corresponding theory and simu-
lation efforts differed in their focus. The biotechnology

motivated studies concentrated on brushes swollen by good
solvents.6,9,10,18�28 Investigations concerned with materials ap-
plications focused on incompressible, dry melt brushes.6,9,10

Related work addressed the atomic force microscopy force laws
for swollen and melt brushes.29�33 Little attention was given to
intermediate situations occurring when the solvent quality
decreases with consequent brush contraction and eventual
collapse. Yet, understanding the variation of particle�brush
interactions with solvent quality is of interest from two points
of view. One, this is step toward a unified picture of colloid-brush
interactions, from dry to highly swollen brushes. Second, under-
standing solvent quality effects is of practical interest in a number
of situations. In the biotechnology domain, they underlie the
application of thermoresponsive PNIPAM brushes in water as
utilized for harvesting cell sheets15,17,34,35 and in protein
chromatography.16 Solvent quality effects were also explored
for non-aqueous solvents with the prospect of nanosensors for
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ABSTRACT: Solvent quality affects the interactions between neutral
polymer brushes and colloids as manifested in the concentration profiles
of the colloidal particles, cprt(z), and the corresponding adsorption
isotherms. Lowering the solvent quality, and eventual brush collapse,
reduce the osmotic pressure at height z within the brush,Π(z), and with
it the associated free energy penalty of inserting a particle into the brush,
Fins(z). Brush collapse thus favors penetration into the brush and
adsorption within it, an effect utilized in tissue engineering, chromatog-
raphy etc. In the self-consistent field theory of brushes, the effect reflects both the amplitude and form ofΠ(z). For good,Θ, and
poor solvents, denoted by i = g,Θ, and p, theΠ(z) profile isΠi(z) =Πi(0)ui

miwhereHi is the brush height and ui = 1� z2/Hi
2. The

analysis utilizes the knownmg = 2,mΘ = 3/2 as well as the derivedmp = 1 together withΠp(0)/Πg(0)∼Hp/Hg andΠΘ(0)/Πg(0)
∼ HΘ/Hg. Fins(z) ≈ Πi(z)R

3 incurred by spherical particles of radius R , Hi is significant for R > Rins(i) ∼ Πi
�1/3

(0) where Rins(i) scales with the grafting density σ as σ�4/9, σ�1/2, and σ�2/3, respectively. For non-adsorbing particles with R
. Rins(i) the particles penetrate the brush to a depth of δins/Hi ≈ (Rins(i)/R)

ri with ri = 3/2, 2, 3, and δins(g) > δins(Θ) > δins(p).
Primary adsorption at the wall due to wall-particle contact attraction energy EkBT is repressed when R > E1/3Rins(i). Ternary
adsorption due to weakmonomer-particle attraction is driven by a free energy scaling as∼φ(z)R2 and thus stronger in poor solvents
when the monomer volume fraction φ(z) is higher. Accordingly, the associated cprt(z) is high for particles large enough to
accumulate kBT or more of attractive monomer�particle contacts but small enough to avoid large Fins(z).
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the detection of organic solvents1,2 and the development of
nano-particle chromatography.11 In addition they are of interest
because block copolymer�colloid composites are typically pre-
pared from solutions and their final state reflects intermediate
states involving swollen brushes. In certain cases, even the final
state is partially swollen.36 Motivated by these observations we
will consider the interactions between brushes and colloids as
they vary with solvent quality focusing on the concentration of
particles at altitude z within the brush, cprt(z). Earlier studies of
brush�colloid interactions indicate that particles of larger vo-
lume tend to be expelled from the brush. However, the criterion
for “large” varies with their interactions, shape, etc. As we shall
discuss, it is also strongly dependent on solvent quality and a
particle expelled from a brush swollen by a good solvent may
penetrate a collapsed brush in a poor solvent. Our analysis utilizes
the self-consistent field (SCF) theory of strongly stretched
polymer brushes.37�39 It centers on the role of the free energy
penalty incurred upon inserting a particle into the brush, Fins. In
particular, we consider the case where Fins reflects the work
expended upon inserting a particle against the osmotic pressure
of the unperturbed brush.22�24 As we shall discuss, decreasing
solvent quality and brush collapse lower Fins thus favoring
penetration into the brush and adsorption within it. Our analysis
of the size effects concerns three cases often invoked in discus-
sions of protein-brush interactions:21 penetration of non-adsorb-
ing particles having repulsive interactions with the wall and the
polymer; particles undergoing primary adsorption solely at the
wall and particles adsorbing only within the brush it self, so-called
ternary adsorption (Figure 1). In all three cases, Fins has the same
form while the free energy driving the penetration or adsorption
is different. Larger particles incur higher Fins but the overall effect
of size depends on the case. For example, a size range exists such
that penetration is strongly repressed while primary adsorption at
the wall remains significant.

Brush�colloid interactions involve numerous scenarios, and
for brevity, it is necessary to limit the scope of the discussion.
Two principle issues are concerned. First, in considering the
theory of solvent quality effects on brush�colloid interactions it
is essential to distinguish between aqueous and non-aqueous
systems. A common description is possible under good solvent
conditions when binary monomer�monomer interactions are
dominant. However, qualitative differences can arise when the
solvent quality decreases. These differences emerge when com-
paring neutral brushes in organic solvents and thermoresponsive
NWSP brushes collapsing in water upon approaching their lower
critical solution temperature (LCST). The first, “classical”,40 case
is well described41 using an interaction free energy density kBTfint
with finta

3 = τφ2 þ wφ3 37 where τ = 1 � Θ/T measures the
deviation from theΘ temperature, w > 0 is a dimensionless third
virial coefficient and φ is the monomer volume fraction. Im-
portantly, this fint does not give rise to a LCST and the
description of thermoresponsive NWSP brushes requires fint
reflecting higher order virial terms. This distinction is important
when exploring solvent quality effects because the collapse of
thermoresponsive NWSP brushes can involve vertical phase
separation40,42�46 having no counterpart in classical brushes.
With these observations in mind we limit our analysis to the
classical case. While this discussion is strictly applicable to non-
aqueous systems it also yields general insights. Furthermore, it
leads to closed form analytical results and permits confrontation
with computer simulations. The second issue concerns the
particles mode of entry into the brush. Our discussion is limited

to particles whose insertion into the brush induces only local
perturbation of the monomer concentration profile. This scenar-
io, supported by computer simulations,25,27,30 is realized in
swollen brushes when two requirements are fulfilled: (a) The
particle�monomer interactions are either repulsive or weakly
attractive, thus ruling out the formation of dense monomer layer
around the particle.47 Note that repulsive interactions do not rule
out penetration into the brush or adsorption at the wall. (b) The
particle is small enough to allow chain trajectories to circumvent
it. When these conditions are satisfied, Fins is related to the
osmotic pressure within the brush

FinsðzÞ ¼
Z H

0
Πðz0ÞAðz, z0Þ dz0 ð1Þ

whereA(z,z0) dz0 is the cross sectional volume at z0 of the particle
whose geometrical center is at altitude z,Π(z)/kBT = φ ∂fint/∂φ�
fint is the osmotic pressure of a bulk solution with a monomer
volume fraction φ = φ(z) andH is the brush height whereΠ(H) =
0. The definition of “small enough” depends on the particle’s
geometry. For spherical particles of radius R it implies R , H.
Our analytical, approximate results concern this case, whenΠ(z)
varies slowly over a z interval comparable to R and a particle at z
incurs Fins(z)≈Π(z)V scaling with the particle volume V≈ R3.

Figure 1. Contacting a dilute solution of nano particles of concentra-
tion cb with a brush when the interaction with the polymers and the wall
are repulsive. (a) Penetration into the brush is driven by translational
entropy while incurring an insertion penalty thus ensuring cprt(z) < cb.
Attractive interactions (b) with the wall or the polymer can give rise to
primary (A) and ternary (B) adsorption respectively with cprt(z) > cb.
Attractive contact interactions are schematically depicted by greendiamonds.
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However, the plots depicted in the figures are obtained using eq 1
and include numerical factors omitted in the body of the text.
Finally, note that the formulation of the theory problem
depends somewhat on the system considered. Biotechnology
applications often involve contact with multicomponent bio-
logical fluids containing proteins of different size, shape and
interactions. In such situations the focus is on optimizing Σ and
N.18�24 In contrast, the formulation of nano composites allows
to tune R of inorganic colloids while keeping their interactions
constant. As a result theories motivated by such systems
consider the effect of varying R.6,9,10 Since our discussion
concerns classical brushes and non-aqueous solvents we follow
the second route.

An analytical closed form formulation allowing to study
solvent quality effects on Fins requires knowledge ofΠ(z) inΘ
as well as in asymptotically good and poor solvents, denoted in
the following byΠΘ(z),Πg(z), andΠp(z), respectively. While
Πg(z) andΠΘ(z) are established, to our knowledgeΠp(z) was
not obtained thus far. Accordingly we first deriveΠp(z) in poor
solvent utilizing the SCF theory of polymer brushes. With this
Πp(z) at hand, the SCF Π(z) profiles in good, Θ and poor
solvents manifest two leading features: (i) ΠΘ(0)/Πg(0) ∼
HΘ/Hg < 1 and Πp(0)/Πg(0) ∼ Hp/Hg , 1 thus indicating
that Fins(z) increases with H and the solvent quality and is
lowest for a collapsed brush. (ii) TheΠ(z) profiles sharpen as
the solvent quality diminishes and their range decreases. The
solvent dependent Fins(z) fully determines cprt(z) of non-
adsorbing particles penetrating the brush because of transla-
tional entropy gain, where cprt(z)∼ exp[�Fins(z)/kBT]. When
the particles adsorb, cprt(z) reflects the interplay between
Fins(z) and the attractive free energy driving the adsorption,
Fatt(z). The detailed features of the resulting cprt(z) vary with
the nature of Fatt(z), be it contact particle-wall attraction,
monomer-particle attraction or another interaction. In all cases
we consider monodispersed planar brushes with uniform Σ at
equilibrium with a dilute solution of monodispersed spherical
particles of radius R. Our discussion concerns “pure” scenarios:
penetration, primary adsorption and ternary adsorption. This
approach allows to clearly identify the characteristic R’s con-
trolling cprt(z) in each case. The real situation may well involve
a combination of the three considered scenarios as well as
additional contributions. However, in the dilute limit the
different contributions are roughly additive and our results
can be generalized accordingly.

The remainder of the article is organized as follows. The
analytical SCF theory results concerning φ(z) and Π(z) of
classical brushes in good,Θ and poor solvents are summarized
in section II. Section III addresses the penetration of non-
adsorbing particles into swollen brushes and its variation with
solvent quality. Solvent quality effects on primary adsorption48

at the wall19,21�23 are briefly discussed in section IV while the
effects on ternary adsorption21 due to weak monomer-particle
attraction20,21,23,24 are considered in section IV. The Discus-
sion presents an overview of our results and their limitations as
well as a summary of relevant simulations and experiments.
Technical details of the SCF theory are delegated to an
Appendix A. It also contains an interpolation formula for the
brush swelling ratio utilized in the numerical calculations. The
SCF penetration depth of non-adsorbing particles is consid-
ered in Appendix B. Certain details of the ternary adsorption
case are discussed in Appendices C�E. Appendix F describes

the numerical route for producing the results shown in
the plots.

II. ON O(z) AND Π(z) WITHIN THE SCF THEORY

In this section, we will summarize with some extensions the
analytical SCF results concerning φ(z) and Π(z) for semidilute
classical brushes. These results will be invoked later in our
discussion of solvent quality effects on the interactions between
brushes and colloidal particles. Our presentation follows the

Figure 2. φ(z) vs reduced height z/Np1/2a for a classical brush at good,
Θ and poor solvent conditions as obtained at τ = 1, 0, and�1 with w = 1
and for σ/p1/2 = 1/20 (top) σ/p1/2 = 1/40 (middle), and σ/p1/2 = 1/
100 (bottom). The β values are obtained via eq 3. Exact numerical
solutions of the SCF equations (Appendix F) depicted by colored lines
are compared to the asymptotic φ(z) in Table 1 (black -o-o-o-).
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approach of37 with modifications in the case of the poor solvent
asymptote. The detailed derivation, with an extended discussion
of the nearΘ regime, is given in the Appendix A. Irrespective of
solvent quality, the monomer concentration profile φ(z)/a3

within the brush is specified in terms of

u � uðz=HÞ ¼ 1� z2=H2 ð2Þ
where H = H(β) is the equilibrium height as determined by

β � τp1=4

3� 21=4 � w3=4σ1=2
ð3Þ

and p is the number of monomers in a persistent segment. Notice
that β depends on the solvent quality as characterized by τ� 1�
Θ/T and w as well as on the brush grafting density σ. β = 0
corresponds to a Θ solvent while asymptotically good and poor
solvent behavior are obtained at β. 1 and β,�1 respectively.
Note further that varying σ is subject to to the constraint that
strong chain crowding is maintained in the τ range of interest.
The asymptotic regimes, corresponding to |β| . 1, and the Θ
behavior (Figure 2) are summarized in Table 1.

The poor solvent expressions elaborate earlier results37 that
approximated the collapsed φ(z) as a step-like with φ(z)= φp =
|τ|/2w corresponding to the monomer volume fraction in a
collapsed globule. While the leading behavior of φ(z) is of the
form φ(z) = φi(z = 0)uni(z/Hi) with ng = 1, nΘ = 1/2, and np = 0
the modified poor solvent φ(z) incorporates a higher order
correction essential for the correct calculation of Π(z). The
osmotic pressure profiles for Π(z), as obtained from local force
balance within the brush (see Appendix A, eqs A10 and A11) are
of the formΠi(z) =Πi(0)u

mi(z/Hi) with mg = 2, mΘ = 3/2, and
mp = 1, as specified in Table 2 (Figure 3).

These expressions are identical to the ones obtained fromΠ/kBT
= φ∂fint/∂φ� fint: for a good solventΠg(z)a

3/kBT = τφ2(z), forΘ
solvent ΠΘ(z)a

3/kBT = 2wφ3(z) and for a poor solvent Πp(z)a
3/

kBT = �|τ|φ2(z) þ 2wφ3(z). This last expression for Πp(z)
highlights the role of the (1 þ π2u/54β4) factor in φ(z): constant,
u independent, terms cancel out leading toΠp(z) ∼ u(z/Hp). The
approximation ofφ(z) byφ(z)≈ φp leads, in contrast, toΠp(z) = 0.
Note that Π(φ = φp) = 0 corresponds to a collapsed globule of
infinite size coexisting with pure solvent,49 a situation involving no
chain stretching. In the brush, this condition occurs only at z = Hp

since in the correct form φp(z < Hp) > φp.

In every case, the SCFΠi(z) is monotonically decreasing and
the scale of Fins ≈ Πi(z)R

3 is set by Πi(0). In turn, the effect of
solvent quality on Fins is visible from the H-dependence ofΠ(0)

Πpð0Þ
Πgð0Þ ¼ 4

3

Hp

Hg
,

ΠΘð0Þ
Πgð0Þ ¼ 32

9π
HΘ

Hg
ð4Þ

Since Hg > HΘ > Hp, eq 4 leads to Πp(0) < ΠΘ(0) < Πg(0).
Finally, it is useful to note that theΘ behavior is relevant not only

Table 1. Asymptotic Regimes and Θ Behavior of the Monomer Volume Fraction O(z) of a Classical Brusha

solvent quality(i) φ(z) φ(z = 0) Hi

good β . 1 φgu(z/Hg) φg = (3π2/3/4)(pτ)�1/3 σ2/3 Hg = (8/π2)1/3Na(pτσ)1/3

Θ β = 0 φΘu
1/2(z/HΘ) φΘ = (2/wp)1/4σ1/2 HΘ = (4/π)Na(wp/2)1/4σ1/2

poor β , �1 φhp[1 þ (π2/54β4)u(z/Hp)] φp = φhp(1 þ π2/54β4) ≈ φhp Hp = Na(σ/φhp)(1 � π2/81β4)
a
φi andHi denote the values ofφ(z = 0) andH forΘ solvents as well as for asymptotically good (i = g) and poor (i = p) ones. The behavior for 0 < |β|, 1

is discussed in Appendix A containing an approximation of H(β) for all β as given by eq A21.

Table 2. Asymptotic good and poor solvent regimes and the
Θ behavior of Π(z) of a classical brush

solvent quality Πi(z) Πi(0)a
3/kBT

good β . 1 Πg(0)u
2(z/Hg) (9π4/3/16)τ1/3p�2/3σ4/3

Θ β = 0 ΠΘ(0)u
3/2(z/HΘ) 27/4w1/4p�3/4σ3/2

poor β , �1 Πp(0)u(z/Hp) (3π2/8φhp)p�1σ2

Figure 3. Π(z)a3/kBT vs z/Np1/2a profiles for a classical brush at good,
Θ and poor solvent conditions as obtained at τ = 1, 0, and�1 with w = 1
for σ/p1/2 = 1/20 (top) and σ/p1/2 = 1/40 (bottom). Exact numerical
solutions of the SCF equation (Appendix F) depicted by colored lines
are compared to the asymptotic forms given in Table 2 (black -o-o-o-)
Note that while the φ(z) at τ = �1 are essentially step like the
corresponding Π(z) are parabolic.
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for β = 0 but also for the 0 < |β| , 1 range. In this regime the
interior of the brush exhibits Θ solvent φ(z) and Π(z) profiles
while the exterior manifests either good or poor solvent behavior,
depending on τ. Accordingly, one may estimate Fins by Fins(z)≈
ΠΘ(z)R

3 when 0 < |β| , 1 and z , H.

III. BRUSH PENETRATION BY NON-ADSORBING
PARTICLES

Nonadsorbing particles penetrate into the brush because of
the associated gain in translational entropy. In this situation, the
particle concentration profile, cprt(z), is determined by Fins(z)
alone. The discussion of this case provides a basis for the analysis
of adsorption scenarios where Fins(z) competes with an addi-
tional attractive free energy as described in subsequent sections.
It is also of interest being the least time-consuming case to
simulate and because of its relevance to the description of the
interactions between proteins and NWSP brushes. This situation
was theoretically analyzed by Kim and O’Shaughnessy for dry
brushes.6 For brushes swollen by good solvent the phenomenon
was studied by Yaneva et al.28 using molecular dynamics simula-
tions. Here we consider the penetration of non-adsorbing
particles into swollen brushes as it varies with solvent quality.
We focus on the case of spherical particles of radius R,Hi such
that their insertion into the brush perturbs the monomer
concentration only locally. In this limit, Π(z) experienced by
the particle is roughly constant and Fins(z)≈Πi(z)V≈Πi(z)R

3.
For simplicity we limit the discussion to dilute bulk solutions
with concentration cb such that the corresponding chemical
potential is μbulk = kBT ln cb.

50 The chemical potential of an
inserted particle is μ(z) = kBT ln cprt(z) þ Fins(z), and the
equilibrium condition μbulk = μ(z) thus leads to

cprtðzÞ � cb exp �ΠiðzÞR3

kBT

" #
< cb ð5Þ

i.e., cprt(z) varies asΠ(z) changes with the solvent quality . In the
SCF regimes considered Πi(z) = Πi(0)u

mi(z/Hi) with mg = 2,
mΘ = 3/2 and mp = 1 (Table 2), and Πi(z) is a monotonically
decreasing function attaining its maximum at the wall. Fins(z) ≈
Πi(z)V is well-defined in the range Re z <H since the center of
the hard core particle is excluded from 0 e z < R. It is however
useful to introduce Fins(0) ≈ Πi(0)V because this sets the scale
of Fins(z). In particular, Fins(z) affects cprt(z) only when Fins(0) >
Fins(z) > kBT. It is thus useful to define a solvent quality
dependent characteristic R, Rins, via the condition Fins(0) =
kBT. For Θ solvents and the asymptotic |β| . 1 regimes, this
leads to

RinsðiÞ � kBT
Πið0Þ
� �1=3

ð6Þ

When R > Rins(i), the particle experiences Fins(z) > kBT at certain
z values while Fins(z) < kBT at all altitudes for R < Rins(i). Fins can
be expressed compactly in terms of Rins(i) in the form Fins(z)≈
(R/Rins(i))

3umi(z/Hi) thus leading to

cprtðzÞ � cb exp � R
RinsðiÞ
� �3

umiðz=HiÞ
" #

ð7Þ

with

RinsðiÞ ∼
τ�1=9σ�4=9 good solvent : β . 1
σ�1=2 Θ solvent : β ¼ 0

jτj1=3σ�2=3 poor solvent : β , � 1

8>><
>>: ð8Þ

Accordingly, Rins(p) > Rins(Θ) > Rins(g), indicating that
penetration is facilitated when the solvent is poorer (Figure 4).
For a poor solvent, when mp = 1, these equations are essentially
identical to the dry brush result as given in eqs 17 and 18 of Kim
and O’Shaughnessy.6 The behavior in good and Θ solvents is
different but in every case the effect on exp(�Fins/kBT) is
characterized by the ratio (R/Rins(i))

3. Importantly, the particles
are depleted from regions with Fins(z) > kBT. The span of the
depletion region, zdep(i) depends on solvent quality and is
roughly defined by Fins[zdep(i)] ≈ kBT leading to

zdepðiÞ �

Hg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� RinsðgÞ

R

� �3=2
s

good solvent

HΘ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� RinsðΘÞ

R

� �2
s

Θ solvent

Hp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� RinsðpÞ

R

� �3
s

poor solvent

8>>>>>>>>>>><
>>>>>>>>>>>:

ð9Þ

There is no depletion region for R e Rins(i) and its span
approaches Hi as R increases beyond Rins(i). The cprt(z) profiles
are rather insensitive to τ when R < Rins(i). The effect of τ
increases for R > Rins(i) being strongest for good solvent where
cprt(z) is depleted beyond Hg because of the penalty associated
with partial insertion. The effect of solvent quality is clearest for a
given intermediate R. Thus, particles with Rins(Θ) < R < Rins(p)
penetrate a collapsed brush while being largely expelled from a
brush swollen by a good solvent (Figure 4).

The characteristics of the depletion region assume simpler
forms in the R . Rins(i) limit. In this case the particles are
excluded from most of the brush and their penetration is limited
to an exterior region of depth δins(i) = Hi � zdep(i). The
expressions for δins and the corresponding cprt(z) are cited below
in order facilitate comparison with the results of Kim and
O’Shaughnessy for dry brushes6 and highlight the effects of
solvent quality within the SCF theory. These results are also of
possible interest because of simulations studies concerning
particle depletion.28,51 It is however useful to first note the
difficulties inherent to the SCF analysis of this regime. The first
problem is that the description of shallow penetration within the
SCF theory is delicate because the strong stretching assumption
is not applicable at the outer edge of a finite brush where
fluctuations become important. In particular, φ(z) at the outer
edge deviated from the SCF predictions and exhibits weak tail of
longer range. Similar deviations are expected for the SCF Π(z)
profiles. In addition, recent simulations25 support Fins(z) ≈
Π(z)R3 for deeply inserted particles but indicate that additional
contributions play a role at the outer edge of the brush. These
two observations suggest caution in utilizing SCF theory and eq 1
or Fins(z)≈Π(z)R3 to discuss the Hi. R. Rins(i) limit. With
this caveat we note that eq 9 yields in this limit a penetration
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depth δins(i) = Hi � zdep(i)

δinsðiÞ �

Hg

2
RinsðgÞ
R

� �3=2

good solvent

HΘ

2
RinsðΘÞ

R

� �2

Θ solvent

Hp

2
RinsðpÞ

R

� �3

poor solvent

8>>>>>>>>><
>>>>>>>>>:

ð10Þ

Combining eq 4 with Rins(i) ≈ [kBT/Πi(0)]
1/3 leads, in this

limit, to δins(p)/δins(g) ≈ [3HpRins
3(p)/4HgR

3]1/2 < 1 and to
δins(Θ)/δins(g) ≈ [9πHΘRins(Θ)/32HgR]

1/2 < 1 and thus to
δins(g) > δins(Θ) > δins(p). The penetration length thus
increases with increasing solvent quality, as opposed to the trend
noted with respect to penetration of the interior of the brush as
manifested in Rins(p) > Rins(Θ) > Rins(g). The variation in δins(i)
reflects a “tail” effect. In particular, the slope of the peripheral part
of Π(z) decreases as the solvent quality increases. The corre-
sponding concentration profiles at the vicinity of the edge, z j
Hi, are

cprtðzÞ=cb �

exp � Hg � z

δinsðgÞ

 !2
2
4

3
5 good solvent

exp � HΘ � z
δinsðΘÞ
� �3=2

" #
Θ solvent

exp � Hp � z

δinsðpÞ

 !" #
poor solvent

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ð11Þ

Finally, when δins(i)≈ R the particles are essentially excluded to
the brush’s outer boundary thus defining a maximal, solvent
dependent Rmax(i) permitting penetration:

RmaxðiÞ ∼
N2=5σ�2=15 good solvent
N1=3σ�1=6 Θ solvent
N1=4σ�1=4 poor solvent

8>><
>>: ð12Þ

Nonadsorbing particles with R > Rmax(i) are effectively expelled
from the brush.

Overall the penetration into the interior of the brush is less
favorable as the solvent quality improves. The opposite trend
occurs at the outer edge of the brush because the steepness of the
Π(z) at the brush periphery increases as the solvent quality
decreases. The poor solvent entries in eqs 8 and 10�12 are
essentially identical to the ones obtained by Kim and
O’Shaughnessy6 for the case of a dry brush. Finally, the good
solvent expressions are in semiquantitative agreement with the
simulations results of Yaneva et al.28 This molecular dynamics
(MD) study simulated the penetration of spherical particles of
radiusR into a brush ofmoderately highσ swollen by a good solvent.
The authors introduced a penetration length δo(R) defined as

δoðRÞ ¼ ½R¥0 cprtðzÞφðzÞ dz�2R¥
0 c2prtðzÞφ2ðzÞ dz ð13Þ

measuring the overlap between the monomer and particle
“clouds”. The δo(R) thus defined does not require the determi-
nation of the brush height, H, and accordingly avoids difficulties
in its identification from the simulation data. The plots of

log10δo(R)/Na vs log10R/a as calculated utilizing the SCF theory
for the R and N values used by Yaneva et al.28 are depicted in
Figure 5. The SCF δo(R)/Na is essentially independent of N for
the chosen τ and the R range considered. Indeed, in the analytical
SCF theory addressing the N. 1 limit, δo(R) is strictly linear in
N when Fins(z) is locally determined by Π(z) (Appendix B). In
contrast, the MD results indicate a certain N dependence. Yet,

Figure 4. Plots of cprt(z)/cb for penetration by non-adsorbing particles
at τ = 1, τ = 0 and τ =�1 for three different R = 0.5� Rins, R = Rins and
R= 2�Rins vs z/H (a) and vs z (b). For a fixedR= 5a the cprt(z)/cb vs z/H
plots change with the solvent quality (c). The system parameters, N =
1000, p = 1, a = 1, w = 1, σ = 0.01 leading to a, R,H in every case, are
identical with those used to produce Figure 7a. Exact numerical solution of
the SCF result (Appendix F) depicted by colored lines are compared to the
results of eq 7 with the correspondingRins (black -o-o-o-). Deviations from
the numerical SCF occur when (i) the R,H condition is not fulfilled or
(ii) at z < R because 7 does not allow for hard core repulsion at the surface.
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the agreement between the SCF and MD results is striking in
both form and numerical values. It is especially notable in view of
the poor performance of the analytical SCF theory at the exterior
of finite brushes and three additional points: (i) the τ corre-
sponding to the simulations is not specified precisely; (ii) the
maximal φ(z) at the vicinity of the wall is high, φ(z)≈ 0.45 thus
suggesting that higher order virial terms may be necessary to
accurately describe the system; (iii) one would expect Fins ≈
Πg(z)R

3 to apply only to R. a.52 It is also useful to note that the
MD results are consistent with the insertion mode in that the
φ(z) profiles were not affected by the nanoinclusions. Finally,
notice that for all R the SCF δo(R)/N decreases with the solvent
quality (Appendix B) reflecting the variation of brush height, H,
and of the slope at the periphery of Π(z). The effect of H
dominates the behavior of small particles R < Rins exploring the
whole brush, 0 < z <H. The peripheral slope ofΠ(z) dominates
the behavior of the large particles expelled from the brush interior
as manifested in δins(i) discussed earlier.

IV. A BRIEF COMMENT ON PRIMARY ADSORPTION

Our preceding discussion concerned non-adsorbing particles
whose interactions with both the wall and the polymer chains are

repulsive. The introduction of an attractive interaction favoring
adsorption modifies the behavior of the system. A variety of
adsorption modes are possible, differing with respect to the
nature of the attractive free energy Fatt driving the adsorption. In
this section we comment on the case of pure primary adsorption,
i.e., when the particles adsorb at the wall while the monomer-
particle interactions are repulsive.18,19,22,23 A simplemodel of this
case invokes contact attraction to the surface such that a particle
in grazing contact with the surface gains an adsorption energy
Fatt/kBT = �E ≈ const0.19,22,23 Our analytical results concern
slowly varying Π(z) such that Fins(z) ≈ Π(z)R3. Accordingly,
the free energy of an adsorbed particle at the wall is well
approximated by Fprim ≈ �EkBT þ Πi(0)R

3. Since adsorption
is defined by grazing contact it is helpful to introduce a surface
concentration n = xnsat where nsat is the saturation value and x,
1 is the occupation fraction. Accordingly, μad = Fprim þ kBT ln x
and the equilibrium adsorbed amount per unit area, as given by
μad = μbulk, is Γprim = n = cbnsat exp(�Fprim/kBT). Consequently,
lowering solvent quality for a given R favors adsorption because
Πp(0) < ΠΘ(0) < Πg(0). The onset of primary adsorption is
specified by the condition Fprim = 0 defining a characteristic Rprim.
For Θ solvents and the asymptotic regimes, it yields

RprimðiÞ � EkBT
Πið0Þ
� �1=3

¼ E1=3RinsðiÞ ð14Þ

such that particles adsorb when R < Rprim(i). The adsorption of
larger particles R > Rprim(i), is repressed because Fins overcomes
Fatt. Primary adsorption is only significant when E > 1 and thus
Rprim(i) > Rins(i). It is accordingly helpful to distinguish three
situations: (i) R. Rprim(i) > Rins(i) when primary adsorption is
repressed and the particles are largely expelled from the brush,
(ii)Rprim(i) >R. Rins(i) when primary adsorption at the surface
occurs while particle penetration is limited to the outer edge of
the brush, and (iii) Rprim(i) > Rins(i) > R when the particles both

Figure 5. (a) N dependence of the SCF log10δo(R)/Na (eq 13) vs
log10(R)/a curves for τ= 1, andN= 80, 60, 40, 20,σ= 0.185,w= 1, and p=
1, leading to β = 0.65, Rins ≈ 0.90 and H ≈ 48.9a, 36.7a, 24.4a, 12.2a,
respectively. The results are in semiquantitative agreement with the
simulations results of Yaneva et al., cf. Figure 5a in ref 28. The (R/a)�3

line is included to facilitate comparison with their data. (b) The effect of
solvent quality on log10δo(R)/Na vs log10R/a of brushes with N = 80
and solvents with τ =þ1, 0,�1,σ = 0.185,w = 1, and p= 1 leading to β =
þ0.65, 0, �0.65, Rins ≈ 0.897a, 0.96a, 1.08a, H ≈ 48.9a, 36.8a, 23.1a,
respectively. The penetration depth δo increases with increasing τ.

Figure 6. The combined effect of primary adsorption and penetration
on cprt(z) for τ = þ1, 0, and �1 at E = 5. The primary adsorption gives
rise to a spike with cprim = Γprim/R. In the case depicted R = 6a the
adsorption scenario changes qualitatively with solvent quality since R <
Rprim under poor solvent conditions where Rprim = 11.7a while inΘ and
good solvent conditions, where Rprim = 7.1a and Rprim = 5.9a, R > Rprim.
In all three cases, R > Rins as seen from Figure 7a. obtained for identical
system parameters. Exact numerical solutions of the SCF equations
(Appendix F) depicted by colored lines are compared to eq 7 with the
corresponding Rins (black -o-o-o-).
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penetrate the brush and adsorb at the wall. When primary
adsorption plays a role, in cases ii and iii, the overall concentra-
tion profile is a superposition of the “penetration” cprt(z) < cb
given by eq 7 and a spike at z = R accounting for adsorption at the
wall. The spike defines an adsorbed layer of thickness ∼R and
concentration cprim≈Γprim/Rwhich may exceed cb. Since Rins(p) >
Rins(Θ) > Rins(g), varying the solvent quality may result in a
change of the adsorption behavior of a particle of given R
(Figure 6).

In the simple model described above Fatt = �EkBT for a
particle at grazing contact and Fatt exhibits no R dependence. It is
useful to note two effects contributing to deviations from this
scenario. The SCF φ(z) profiles are monotonically decreasing
with a maximum at z = 0. In reality, φ(z) exhibits a minimum
at the wall. In turn, inserted particles can thus experience a
“depletion” attraction at the vicinity of z = 0,25 an effect that
depends on R. Second, an R dependence can also arise if the wall
is penetrable as can be the case for lamellar phases of block
copolymers. In addition, E in our simplified discussion is
independent of T. This approximation may fail when the τ range
explored is wide. Finally, note that primary adsorption is an
activation process and requires overcoming a free energy barrier≈
Fins(0).

22

V. TERNARYADSORPTIONWITHIN THE BRUSHDUE TO
WEAK PARTICLE MONOMER ATTRACTION

As noted earlier, the adsorption behavior depends on the
characteristics of the free energy driving it, Fatt. Here we focus on
the case of pure ternary adsorption arising because of weak non-
specific monomer-particle attraction.20,23,24 In this scenario the
surface of the particle is assumed to be uniform and amonomer at
grazing contact with the particle is assigned an energy of �εkBT
with 0 < ε, 1 to ensure that there is no distortion of the brush
concentration profile.47 This last requirement is necessary to
justify the assumption of an insertive mode and the applicability
of eq 1. For simplicity, we ignore the T dependence of ε noting
that it may play a role if the τ range is wide. For brevity, we
consider again spherical particles with R, Hi. In this case, φ(z)
experienced by the particle is roughly constant and approximated
by its unperturbed value at the particle’s center of mass. Conse-
quently, the penalty incurred by a single fully inserted particle at
z, Fins(z)≈Πi(z)R

3, is opposed by attractive term Fatt(z)/kBT≈
�εφ(z)(R/a)2, where φ(z)/a3 is the monomer concentration at
z. For Θ solvents and the asymptotic regimes, Fatt(z) is

FattðzÞ
kBT

¼ � ε
R
a

� �2

φið0Þuniðz=HiÞ ð15Þ

where ng = 1, nΘ = 1/2, and np = 0. Here we ignore the higher
order correction to φp(z) which is crucial for the determination
of Πp(z) but has negligible effect on Fatt(z),

53 i.e., φp(0) = φp.
Note that this Fatt applies to solvent swollen brushes where φp(z) <
1 varies with z and not to dry brushes.

In contrast to primary adsorption at the wall, ternary adsorp-
tion is driven by a z-dependent Fatt(z). This introduces additional
length scales supplementing Rins(i). Two are especially useful.
The first, analogous toRins(i), characterizes Fatt(z). As for ternary
adsorption, Fatt(z) ∼ R2, the particle must exceed a certain R in
order to attain Fatt(z) <�kBT. Since Fatt(z)∼ φ(z) and the SCF
φ(z) is monotonically decreasing it is helpful to introduce Ratt via
the conditionFatt(0)/kBT≈�εφ(0)(R/a)2≈�1.While the range

0e z <R is physically inaccessible, Fatt(0) sets the scale of Fatt(z).
For the asymptotic and Θ regimes Fatt(0) ≈ �kBT yields

RattðiÞ � affiffiffiffiffiffiffiffiffiffiffiffi
εφið0Þ

p ∼
τ1=6ε�1=2σ�1=3 good solvent
ε�1=2σ�1=4 Θ solvent
jτj�1=2ε�1=2 poor solvent

8>><
>>:

ð16Þ

When R < Ratt(i) the particle does not reach Fatt(z) < �kBT at
any z while in the opposite case it attains Fatt(z) < �kBT at a
certain z range. Since Fatt(z)∼ φ(z) and the brush density grows
upon decreasing solvent quality Ratt(g) < Ratt(Θ) < Ratt(p) i.e.,
ternary adsorption is favored by lower solvent quality. The free
energy of a particle undergoing weak ternary adsorption, Ftern =
Fins þ Fatt, as expressed in terms of Rins(i) and Ratt(i), is

FternðzÞ
kBT

� � R
RattðiÞ
� �2

uniðz=HiÞ þ R
RinsðiÞ
� �3

umiðz=HiÞ ð17Þ

where mg = 2, mΘ = 3/2, mp = 1.53 To discuss the particle
concentration profiles it is helpful to consider a crossover altitude
zco where the two opposing contributions cancel and Ftern(zco) = 0.
This condition amounts to umi�ni(zco/Hi) = Rins

3(i)/Ratt
2(i)R�

Rco(i)/Rwhere Rco(i) corresponds Ftern(0) = 0. Sincemi� ni = 1
for the three solvent regimes

zcoðiÞ
Hi

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� RcoðiÞ

R

r
ð18Þ

where

RcoðiÞ ¼ Rins
3ðiÞ=Ratt

2ðiÞ ∼
ετ�2=3σ�2=3 good solvent
εσ�1 Θ solvent
εjτj2σ�2 poor solvent

8>><
>>:

ð19Þ
and Rco(p) > Rco(Θ) > Rco(g). The role of Rco(i) for ternary
adsorption is similar to the role of Rins(i) in the penetration
scenario. When R > Rco(i) ternary adsorption can occur only at
zco < z < Hi. For R < Rco(i) the particles may adsorb throughout
the brush.

Overall, ternary adsorption is negligible when R < Ratt(i) and
Fatt > �kBT throughout the brush. When R > Ratt(i) it is helpful
to distinguish between two cases (Figure 7): ternary adsorption
is high and occurs at any 0 < z <Hi when Ratt(i) < R < Rco(i). On
the other hand, for R > Ratt(i) and R > Rco(i), the adsorption is
lower and it shifts to the brush periphery. In every regime, it
grows with R. Since ternary adsorption is significant when Ratt(i) <
R < Rco(i), it is helpful to consider the width of the relevant R
range as characterized by

RcoðiÞ
RattðiÞ ∼ ε3=2

τ�5=6σ�1=3 good solvent
σ�3=4 Θ solvent
jτj5=2σ�2 poor solvent

8>><
>>: ð20Þ

The inequality Rco(i) > Ratt(i) is realized when ε > τ
5/9σ3/2 for

good solvent, ε > σ1/2 forΘ solvent, and ε > |τ|�5/3σ3/2 for poor
solvent. Accordingly, ternary adsorption is significant in poor
solvents where Rco(i) > Ratt(i) is easily attainable for ε , 1.
In contrast, the adsorption range is very narrow in Θ and
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good solvents (Figure 8). Within this picture, ternary adsorp-
tion of spherical particles is appreciable only in poor solvents.
Note however that this conclusion may change for aspherical
particles with higher ratio of surface area to volume.23 This
picture is quantified by the explicit cprt(z) when expressed in
terms of Rco(i) and Ratt(i). At equilibrium, μbulk = μ(z) with

Figure 7. Penetration and adsorption regimes determined by the
relative magnitude of the characteristic lengths: Rins, Ratt, Rco, and Rprim
as defined in Appendix F, and the brush height,H. (a, b) The logarithmic
variation of these lengths with τ and with log σ/p1/2 delineates the
different brush regimes. Penetration of a sphere of radius R is significant
when R < Rins, primary adsorption is important when R < Rprim, and
ternary adsorption is appreciable when Ratt < R < Rco < H. This last
regime, depicted by a red ellipsoid, is attainable in poor solvents but
difficult to realize inΘ and good solvents as seen from plots of Rco, Ratt
andH vs τ for (a) σ = 0.01 and (b) σ = 0.001. (c) Effect of surface density
σ on the characteristic lengths in the poor solvent case with τ = �1,
where significant ternary adsorption can occu. In all cases N = 1000,
w = 1, p = 1, and ε = 0.01. The four systems (A�D), defined in part c, are
investigated in more detail in Figure 8. Figure 8. cprt(z)/cb vs z/H for pure ternary adsorption within classical

brushes immersed in poor solvent with R = 0.8� Rco, R = Rco, R = 1.2�
Rco, obtained for the parameter sets A�D in Figure 7c, i.e., at surface
densities (A) σ = 0.01, (B) σ = 0.015, (C) σ = 0.02, and (D) σ = 0.03.
UnderΘ and good solvent conditions Rco < a is the typical scenario, cf.
Figure 7a, and thus not illustrated. Exact numerical solutions of the SCF
equations (Appendix F) depicted by colored lines are compared to the
results of eq 21 with the corresponding Ratt and Rco (black -o-o-o-).
Deviations are important when R , H is not realized.
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μ(z) = kBT ln cprt(z) þ Ftern(z) thus leading to cprt(z) =
cb exp(�Ftern(z)/kBT) or

cprtðzÞ
cb

¼

exp
R

RattðgÞ

" #2
ug � R

RcoðgÞ u
2
g

" #8<
:

9=
;good solvent

exp
R

RattðΘÞ
� �2

u1=2Θ � R
RcoðΘÞu

3=2
Θ

� �( )
Θ solvent

exp
R

RattðpÞ

" #2
1� R

RcoðpÞ up
#)

poor solvent

2
4

8<
:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð21Þ

where ui abbreviates u(z/Hi). Equation 21 underlines an
additional effect of the solvent quality on the SCF cprt(z): In
poor solvent Fatt(z) ≈ const0 and cprt(z) of a fully inserted
particles is monotonically increasing (Figure 8) because Fint(z)
is monotonically decreasing. On the other hand, in good andΘ
solvents cprt(z) can exhibit a maximum at 0 < z < Hi reflecting
the interplay of Fatt(z) and Fint(z). Increasing R causes the
maximum to shift outward and increases the maximal value of
cprt(z) (Appendix C). Our analytical results do not allow for
partial insertion at the edge of the brush. As a result the poor
solvent cprt(z) exhibits a jump at the brush edge with cprt(Hp) > cb.
This artifact that does not occur for the exact numerical solution
(Appendix D). As in the penetration case, our results assume an
especially simple form in the limit of R. Rco(i). These expressions
are subject to the same reservations discussed in section III. For
comparison purposes they are listed in Appendix D.

The adsorption isotherm, specifying the total adsorbed
amount per unit area corresponding to cprt(z) is

Γ ¼
Z H

0
cprtðzÞ dz ð22Þ

Note that this Γmeasures only the contribution of fully inserted
particles. To allow for partially inserted ones the upper limit of
the integral should be extended to H þ R, a correction of
negligible effect when R , H. For poor solvents with β , �1,
when ternary adsorption is pronounced, Γ is

Γp ¼ π1=2

2
cbHp

RinsðpÞ
R

� �3=2
exp

R
RattðpÞ

 !2

1� R
RcoðpÞ

 !2
4

3
5

� erfi

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R3

Rins
3ðpÞ

s
ð23Þ

where erfi(z) = erf(iz)/i is the imaginary error function such that
erfi(x) = 2x(3þ x2)/3π1/2 for x, 1 and erfi(x) = π�1/2x�1 exp
x2 for x. 1. Γ exhibits a maximum at R≈ Rins(p) reflecting the
interplay between Fatt ∼ R2 favoring adsorption and Fins ∼ R3

opposing it. The good solvent case Γg was already studied
focusing on the σ dependence for a fixed R.24 Overall, poor
solvent favors the adsorption of large particles with Ratt , R ,
Rco while Γ of small particles with R < Rins and R < Ratt increases
withH and the solvent quality because they explore the whole 0 <
z < H range (Figure 9 and Appendix E).

VI. DISCUSSION

Solvent quality affects the interactions between polymer
brushes and colloidal particles. Our discussion of these effects
focused on the “insertion limit” when a particle inside the brush
induces only short ranged perturbation of the monomer con-
centration profile. For spherical particles this is the case when R,
H and the particle-monomer interactions are repulsive or
weakly attractive. In this situation, a particle placed at altitude z
incurs a free energy penalty Fins(z)≈Π(z)R3 related to the work
against the osmotic pressure Π(z) in the unperturbed brush.
Π(z) is the osmotic pressure in a bulk polymer solution of φ =
φ(z). Our SCF analysis focused on “classical brushes” whose
behavior in all solvent regimes is described by an interaction free
energy density fint[φ(z)]a

3 = τφ2(z) þ wφ(z)3, as realized in
non-aqueous solvents. Since our discussion concerns the role of
Fins(z)≈Π(z)R3 and its variation with solvent quality it requires
knowledge of the corresponding SCF Π(z) profiles. Obtaining
the Π(z) profiles for good and Θ solvents is straightforward.
However, in the poor solvent limit the analytical form of the SCF
φ(z) must allow for a second order term to obtain the correct
Π(z) of the collapsed brush. In particular

φðzÞ
φp

¼ 1þ const0 1� z2

H2
p

 !
ð24Þ

for β , �1 thus leading to

ΠpðzÞ
Πpð0Þ ¼ 1� z2

H2
p

ð25Þ

whereΠp(0)a
3/kBT ∼ σ2/pφp(0). Neglecting the second order

term in φ(z) would yield Πp(z) = 0.
In every case considered the particle concentration profile

cprt(z)∼ exp[�Fins(z)/kBT] is strongly dependent on R because
Fins(z) ≈ Π(z)R3. Accordingly, larger R always favor expulsion
irrespective of the solvent quality. For a given R, the “expulsion
tendency” increases with the solvent quality since Πg(0) >

Figure 9. Γ/acb vs τ for pure ternary adsorption of spherical particles
within classical brushes as obtained for radii R = 3a, R = 5a, R = 8a, and R =
10a. For the parameters utilized, as in Figure 7a, R as well as Rins and
Ratt are small compared with H under all solvent conditions. In the
interval�1e τe 1 the characteristic dimensions vary in the range Rins/
a = 6.9�3.5, Ratt/a = 4.0�10.6,H/a = 20�206. Poor solvents favor the
adsorption of larger particles while penetraion of small particles,
exploring the full depth of the brush, is favored by good solvents.
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ΠΘ(0) >Πp(0). However, the definition of “large” and “small” R
depends on both solvent quality and particle interactions. In the
penetration scenario, when the particles are non-adsorbing,
cprt(z) < cb is monotonically increasing with z. In this case, the
yardstick for R is Rins(i) ≈ (kBT/Πi(0))

1/3 and expulsion is
significant for R > Rins(i). In turn, Rins(i) increases with osmotic
pressure and thus with the solvent quality: Rins(p) ∼ σ�2/3 >
Rins(Θ) ∼ σ�1/2 > Rins(g) ∼ σ�4/9. To illustrate the effect of
solvent quality note that particles of size Rins(Θ), R < Rins(p)
will penetrate the interior of a collapsed brush but will be expelled
from brushes swollen by Θ or good solvents. An additional
length scale emerges when particle�wall attraction plays a role.
Our discussion focused on the simplest case of primary adsorp-
tion at the wall when the particle�wall contact free energy
�EkBT, and E does not vary with R or T. In this case Rins(i) is
supplemented by Rprim(i) ≈ E1/3Rins(i) such that primary
adsorption occurs when R < Rprim. Accordingly, in choosing R
to control cprt(z), it is important to take both Rins(i) and Rprim(i)
into account. For example, when Rprim . R . Rins(i) the
particles adsorb at the wall while being largely depleted from
most of the brush interior. Note that in this case, as opposed to
the penetration scenario, the particle concentration at the wall,
cprim ≈ Γprim/R, can exceed cb. Allowing for monomer�particle
attraction introduces new length scales. Our discussion focused
on the weak ternary adsorption where amonomer at contact with
the surface gains�εkBT with 0 < ε, 1 thus leading to Fatt/kBT
≈�εR2φ(z)/a2. Very small particles are not affected because Fatt
∼ R2. To accumulate Fatt < �kBT the particle should be larger
thanRatt(i) whereRatt(g)∼ aε�1/2σ�1/3 >Ratt(Θ)∼ aε�1/2σ�1/4

> Ratt(p) ∼ aε�1/2. On the other hand Fins ∼ R3 eventually
dominates at large R. The onset of this last effect occurs at R >
Rco(i) =Rins

3(i)/Ratt
2(i) whereRco(g)∼ εa/σ2 >Rco(Θ)∼ εa/σ>

Rco(g) ∼ εa/σ2/3. For Ratt(i) < R < Rco(i), ternary adsorption
occurs throughout the brush and cprt(z) > cb is proportional to
φ(z). For spherical particles this regime is easily fulfilled only in
poor solvents. Particles with R > Rco(i) are depleted from the
brush interior and their cprt(z) exhibits a maximum. When
ternary adsorption is operative expulsion from the layer occurs
for R . Rco(i) rather than for R . Rins(i).

For comparison with experiments and simulations it is im-
portant to note the limitations of the theory. The analytical SCF
theory we utilize does not describe depletion at the wall nor
fluctuation effects at the edge. It translates bulk binodals into
sharp boundaries rather than into diffuse interfaces. Thus, the
outer boundary of collapsed brush is associated with a sharp jump
in φ(z) rather than gradual variation. Overall, the theory over-
estimates Fins at the wall while underestimating its outer range.
Since the analytical form of the SCF theory utilizes fint[φ(z)]a

3 =
τφ2(z) þ wφ(z)3 it is applicable only when φ(z) is sufficiently
low and higher virial terms are negligible. As implemented it
focuses on uniform and monodispersed brushes grafted onto
planar surfaces. It does not allow for polydispersity in N and Σ
nor for surface roughness. While eq 1 allows to specify Fins of
particles of different forms our discussion concerned spherical
particles with uniform surfaces. It is important to note that
ternary adsorption is sensitive to shape, and aspherical particles
may exhibit distinctive features. With these caveats, the theory
provides guidelines on tuning brush�colloid interactions and, in
particular, the interplay of R and σ.

The effect of solvent quality on particle�brush interactions is
best documented in the case of thermoresponsive PNIPAM
brushes and proteins. Collapsed PNIPAM brushes adsorb

proteins much more than swollen ones.15�17 While NWSP
brushes undergoing collapse in water are beyond the scope of
our theory, this is an important example of the role of solvent
quality in tuning interactions. Similar effects for organic solvents
were studied using evanescent wave dynamic light scattering
measurements to probe particle penetration into brushes and
demonstrated size and solvent quality dependence.54 The qua-
litative aspects of the adsorption scenarios we considered are
supported by two types of experiments. One concerns protein
adsorption onto NWSP brushes. It involves studies of the
adsorption isotherms Γ(Σ) and the adsorption modes were
deduced from their Σ dependence19,21,23 because direct char-
acterization of protein cprt(z) is difficult. The observation that
Γ(Σ) increases with Σ for Nj 200 supports primary adsorption
and is consistent with Γprim ∼ exp(�Fprim/kBT). The ternary
adsorption scenario rationalizes the observation of a maximum in
Γ(Σ) for N j 700. The second group of experiments involves
inorganic colloids where cprt(z) can be probed directly using
electron microscopy,55,56 X-ray57 and neutron reflectometry.8 A
study involving a melt planar brush suggested expulsion57 as
discussed by Kim and O’Shaughnessy.6 This case is closest to our
discussion because Σ is not affected by the colloidal particles.
Three different scenarios were observed when nano particles are
incorporated into lamellar phases of AB diblock copolymers: (i)
localization in the middle of the A phase suggestive of penetra-
tion and strong expulsion as considered in section III;8,56 (ii)
uniform distribution in the A phase suggestive of penetration
with weak expulsion;55 (iii) localization at the AB boundary of
the AB diblock copolymer lamellar phase, corresponding to
primary adsorption discussed in section IV.8,55 The particle
distribution was tuned by change in colloid size8 surface
chemistry55 or lamellar domain size.56 A theoretical discussion
of these systems should allow for the possible modification of the
diblock copolymers’ phase behavior by the particles.9,10,58 It is
useful to note that the production of such composites involves
solutions and in certain cases the final state is partially swollen.56

Accordingly, ternary adsorption, as discussed above, may play a
role in such systems.

Computer simulations afford the potential for detailed con-
frontation with theory. Thus, far simulations of colloids inter-
acting with solvent swollen brushes focused exclusively on the
good solvent regime. Within them one may discern two direc-
tions. One concerns studying the insertion of a single particle
into a brush. It provides evidence for the insertion mode with
local perturbation of the monomer concentration profile and its
regime of applicability.25,27,28,30 It also allows to measure to the
insertion free energy thus confirming eq 1.25,29,30 In the second
direction the simulations model a brush interacting with many
colloidal particles and allow to monitor the particle concentra-
tion profile.28,51 These simulations confirm again the applicabil-
ity of the insertion mode. The expulsion of larger particles is also
evident. Detailed comparison with SCF theory is however
difficult because the currently explored R range is narrow and
close toRins(g). Additional problems arise because the distalφ(z)
of finite brushes deviates from the analytical SCF theory predic-
tions. The comparison is also hampered by difficulties in
determining the brush height, which then translate into uncer-
tainties in quantifying particle penetration into the brush. In spite
of this difficulties the SCF results are in semiquantitative agree-
ment with the MD simulations of Yaneva et al.28 (Figure 5).
Brush�particles interactions inΘ and poor solvents are yet to be
explored.
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’APPENDIX A: ASCF

The aim of this Appendix is to summarize the methods of (i)
obtaining explicit φ(z) for semidilute classical brushes de-
scribed by finta

3 = τφ2(z) þ wφ3(z) with extended analysis of
collapsed brushes and the Θ region and (ii) obtaining the
correspondingΠ(z) from the elastic free energy density fel and
demonstrating balance of the local osmotic pressure Π(z)a3/
kBT = τφ2(z)þ 2wφ3(z) with the average tension per unit area.
Within this version of the SCF theory,37 the free energy per
chain in the brush is

Fchain
kBT

¼ Fel
kBT

þ Fint
kBT

¼ 3
2pa2

Z H

0
dh gðhÞ

Z h

0
Eðh, zÞ dzþ Σ

Z H

0
fint½φðzÞ� dz

ðA1Þ
The first term allows for the elastic free energy while the second
reflects the contribution due to monomer�monomer interac-
tions. In the elastic free energy the length E(h,z) = dz/dn is
proportional to the local tension at z when the chain end is at h,
(3kBT/pa

2)E(h,z), and n specifies the position of the monomer
along the contour of the chain. g(h) is the distribution function
of the altitude of the free ends, h. The average tension per unit
area at altitude z, Tn(z), is thus

TnðzÞ ¼ 3kBT
pa2Σ

Z H

z
Eðh, zÞgðhÞ dh ðA2Þ

The interaction free energy giving rise to the second term is
specified in terms of the free energy density kBTfint[φ(z)]. In
the strong stretching approximation, only chains with h g z
contribute to φ(z) and the three unknown functions specifying
the brush are related via

φðzÞ ¼ a3

Σ

Z H

z

gðhÞ
Eðh, zÞ dh ðA3Þ

The brush properties are determined by minimization of Fchain
subject to two constraintsZ h

0

dz
Eðh, zÞ ¼ N ðA4Þ

and

Σ

a3

Z H

0
φðzÞ dz ¼ N ðA5Þ

The minimization leads to two key equations

Eðh, zÞ ¼ π

2N

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 � z2

p
ðA6Þ

and

a3Dfint
Dφ

� UðzÞ ¼ Λ� 3π2

8pa2N2
z2 ðA7Þ

OnceΛ is determined via the constraint A5, this last equation
yields explicit solutions for φ(z) when U(z) = 2τφ2þ 3wφ2. We
first utilize eqs A6 and A7 to obtain an explicit expression for
Π(z) in terms of φ(z) for the yet unknown Λ. Importantly, the
resulting expression forΠ(z) is valid for arbitrary fint. To this end
we introduce an elastic free energy density kBTfel(z) such that

Fel = kBTΣ
R
0
Hfel(z) dz or

felðzÞ ¼ 3
2pa2Σ

Z H

z
Eðh, zÞgðhÞ dh

¼ 3π
4Npa2Σ

Z H

z

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 � z2

p
gðhÞ dh ¼ TnðzÞ

2kBT
ðA8Þ

To express fel(z) as a function of φ(z) and z we first consider

dfel
dz

¼ � 3π
4Npa2Σ

z
Z H

z

gðhÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2 � z2

p dh ¼ � 3π2

8N2pa5
zφðzÞ

ðA9Þ

thus leading to

felðzÞ ¼ �
Z H

z

dfel
dz

dz ¼ 3π2

8N2pa5

Z H

z
tφðtÞ dt ðA10Þ

which recovers A9 upon taking the derivative and satisfies the
requirement that fel = 0 at z = H. Noting the similarity between
the RHS of eq A10 and dU/dz as given by eq A7, together with
U(z) = a3∂fint/∂φ and

R
z
HU(z) dφ =

R
z
H dfint leads to

felðzÞa3 ¼ � 1
2

Z H

z

dUðtÞ
dt

φðtÞ dt ¼ 1
2
UðzÞφðzÞ

� 1
2
UðHÞφðHÞ þ 1

2

Z H

z
UðzÞ dφðtÞ ¼ ΠðzÞa3

2kBT
�ΠðHÞa3

2kBT

ðA11Þ
For a free brush at equilibrium, whenΠ(H) = 0, this ensures the
local force balance,Π(z) = Tn(z) and specifies the local osmotic
pressure within the SCF theory Π(z)/kBT = 2fel(z). One may
thus calculateΠ(z) utilizing eq A10 orΠ(z)a3/kBT = τφ2(z)þ
2wφ3(z).

The Concentration Profile. Equation A7 yields an explicit
expression for φ(z) in the particular case of finta

3 = τφ2(z) þ
wφ3(z) and U(z) = 2τφ þ 3wφ2. In this case A7 is a quadratic
equation in φ solved by

φðzÞ ¼
�τþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
τ2 þ 3w Λþ 3π2

8pN2a2
z2

 !vuut
3w

ðA12Þ

where the volume fraction at the outer edge of the brush, z =H, is
φ(H) = 0 for τg 0 while for τ < 0 it is φ(H) = φp = |τ|/2w. It is
convenient to discuss the general case in terms of the solution at
the Θ temperature where τ = 0 and the condition φ(H) = 0
together with the constraint A5 leads to φ(z) = φΘu

1/2 as
specified by Table 1. Allowing for the appropriate φ(H) and
upon introducing β, eq 3, and the swelling ratio R(β) � H(β)/
HΘ, enable to express eq A12 as

φðzÞ ¼

τ

3w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ β�2ðR2 � y2Þ

q
� 1

� �
β g 0

jτj
3w

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4
þ β�2ðR2 � y2Þ

r
þ 1

" #
β < 0

8>>>><
>>>>:

ðA13Þ
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where y� z/HΘ. The constraintA5 leads, uponnoting that (3w/τ)-
(Na3/ΣHΘ) = π/4β and arctan t = arcsin t(1 þ t2)�1/2, to

π

2β2
¼

�R
β
þ 1þ R2

β2

 !
arcsin

Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ β2

p β g 0

�5
2
R
β
þ 1

4
þ R2

β2

 !
arcsin

Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ β2=4

q β < 0

8>>>>>><
>>>>>>:

ðA14Þ
In turn, eq A14 yields simple expressions for R = R(β) in three
limits. Two correspond to |β|. 1, when R , |β| thus allowing
to invoke arctan t≈ t� t3/3. The third concerns the vicinity of
theΘ point, whenR≈ 1 and β≈ 0,R = 1þ β(dR/dβ)β = 0 with
(dR/dβ)β = 0 = 2/π. Altogether

RðβÞ ¼

3π
4

� �1=3

β1=3 good solvent; β . 1

1þ 2
π
β near Θ solvent; β , 1

π

6jβj poor solvent; β , � 1

8>>>>>>><
>>>>>>>:

ðA15Þ

thus defining the corresponding equilibrium heightsH =RHΘ as
specified in Table 1.
To characterize φ(z) in these three regimes it is helpful to

express eq A13 as

φðzÞ ¼ φΘ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2 þ R2u

p
� β β g 0

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2

4
þ R2u

r
� β β < 0

8><
>: ðA16Þ

where u = 1� z2/H2. At T =Θ we recover φΘu
1/2 while the two

|β| . 1 profiles are

φðzÞ ¼ φΘ

β

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 3π

4

� �2=3

β�4=3u

s
� β β . 1

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
β2

4
þ π2

36β4
u

s
� β β , � 1

8>>>>><
>>>>>:

ðA17Þ

thus leading to Table 1. The vicinity of theΘ temperature, when
R = 1 þ 2β/π with |β| , 1, requires however a lengthier
discussion. In this case the profile comprises of two regions. An
inner region obtains when R2u. β2 or R2u. β2/4 thus leading
to φ(z) = φΘRu

1/2 corresponding to T =Θ. The exterior part for
which R2u , β2 or R2u , β2/4 assumes different forms above
and below theΘ temperature. In this case the u term is small and

φðzÞ ¼ φΘ

R2

2β
u βJ0

3jβj
2

1þ 2R2

3β2
u

� �
βj0

8>>><
>>>: ðA18Þ

Thus, the exterior region for βJ 0 exhibits a good solvent form,
while for βj 0 it exhibits poor solvent form with a concentration
step at the outer edge.
The expressions for φ(z) and Π(z) in Table 1 and Table 2

concern |β|. 1 and β = 0. The analysis of reference37 yields an
explicit expression, eqs A16, for φ(z) at any β. This is however
formulated in terms of a swelling ratio R specified by a nonlinear
equation, eq A14, that can be generally solved only numerically.
On the other hand, an explicit parametric solution of eq A14

which provides exact (β,R) pairs in terms of an index 0e χeπ/2,
is given by

R ¼
ffiffiffi
π

λ

r
sin χ ðA19Þ

β ¼
ffiffiffi
π

λ

r
�

cos χ β g 0

2 cosðπ� χÞ β < 0

8<
: ðA20Þ

withλ� 2χ� sin (2χ) andλ� 2χþ 5 sin (2χ) forβg 0 andβ<0,
respectively. This exact solution is helpful in obtaining an
interpolation formula

R � H
HΘ

�
1þ 4

3β
þ 6

7β1=3

 !�1

β g 0

ð1� πβÞ�1 1� tanh πβ� 3
4
β

!#
β e 0

0
@

2
4

8>>>>>><
>>>>>>:

ðA21Þ
reproducing the exact solution to within less than 2% for any
choice of β and exhibiting the correct asymptotic behaviors. Its use
in eqs A16 and eq A25 thus leads to essentially exact expressions
for φ(z) formulated in terms of β alone and valid for any β.
Similarly it can be used inA25, discussed below, to obtainΠ(z). As
explained in Appendix F, eq A21 is utilized in the numerical
calculation producing the results shown in Figures 2�9.
We finally note that R and φ(z), as obtained above, are

specified in terms of three independent parameters

β ∼ τ=φΘ, HΘ ∼ Np1=2aφΘ, φΘ ∼ ðσp1=2Þ1=2 ðA22Þ
It is thus also possible to use instead the three independent
parameters

τ ∼ βφΘ, Np1=2a ∼ φΘ=HΘ, σp1=2 ∼ φΘ
2 ðA23Þ

Weutilize this last choice in the plots since it corresponds directly
to the experimental control parameters.

The Osmotic Pressure Profile. The φ(z) profiles allow to
obtain the correspondingΠ(z) by utilizing the appropriate limits
of Πa3/kBT = τφ2 þ 2wφ3. It is however useful to verify these
results by comparison to Π(z) = 2kBTfel(z) as given by eq A10
expressed, upon the substitution t2 = y and dt = dy/2y1/2, as

fel ¼ 3π2

8N2pa5

Z H2

z2
φð ffiffi

y
p Þdy

2
ðA24Þ

where φ(t) is given by eq A10. This leads to

ΠðzÞ
kBT

¼ φΘ
3π2

8N2pa5

2
3
H2

Θβ
3 1þ R2

β2
u

 !3=2

� 1

2
4

3
5� βH2u β g 0

�2
3
H2

Θ

β3

8
1þ 4R2

β2
u

 !3=2

� 1

2
4

3
5� βH2u β < 0

8>>>>>>><
>>>>>>>:

ðA25Þ
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In a poor solvent β,�1 and R =�π/6β, leading to 4R2u, β2

and

ΠðzÞ
kBT

¼ φΘ
π4

26
HΘ

2

N2pa5jβj u 1þ π2

108β4
u

!
β , � 1

0
@

ðA26Þ
In a good solvent R . 1, β . 1 with R2u , β2 and eq A25
reduces to

ΠðzÞ
kBT

¼ 3
8
π

HΘ

NΣpa2
R4

β
u2 β . 1 ðA27Þ

For β = 0 the term in square brackets is (2HΘ
2/3)u3/2 thus

specifying Π(z) at the Θ temperature.
In the vicinity of the Θ temperature we can again distinguish

two regions. In the interior region,R2u. β2 for βg 0 and 4R2u.
β2 for β < 0, we thus obtain Θ like behavior

ΠðzÞ
kBT

¼ π2

4Npa5
φΘHΘ

2R3u3=2 jβj , 1 ðA28Þ

as summarized in Table 2. For the exterior region R2u , β2 or
4R2u , β2 . Keeping track of second order terms in the
expansion, Π(z) is given by

ΠðzÞ
kBT

¼ φΘ
3π2

8Npa5

1
4
HΘ

2 R
4

β
u2 β g 0,

R2

β2
u , 1

�3
2
HΘ

2βR2u β < 0,
4R2

β2
u , 1

8>>><
>>>:

ðA29Þ
corresponding respectively to good and poor solvent behavior.

’APPENDIX B: ON δo(R) WITHIN THE SCF THEORY

The leading features of the SCF δo(R), as plotted in Figure 5,
can be rationalized by considering the large and small R limits.
For brevity we only consider good and poor solvents. To gain a
rough understanding of the trends followed by δo(R) we express
eq 13, utilizing dz/du = �Hi/2(1 � u)1/2, as

δoðRÞ ¼ Hi

2
Inum2

Iden
ðB1Þ

where

Inum �
Z 1

0
exp½ � rins

3uni þ 1�unið1� uÞ�1=2 du ðB2Þ

and

Iden �
Z 1

0
exp½ � rins

3uni þ 1�2u2nið1� uÞ�1=2 du ðB3Þ

such that ng = 1 in good solvent, np = 0 in poor solvent and rins�
R/Rins. Note first that both Inum and Iden depend only on Rins
which, in turn, is independent of N. Accordingly, δo(R) ∼ N
because δo(R)∼Hi. With regard to the dependence of δo(R) on
solvent quality we first consider small particle with rins, 1 when
the exp(�rins

3uniþ1) factor is of order unity thus leading toδo(R)∼
Hi. Accordingly δo(R) increases with the solvent quality for R,
Rins. In the opposite limit of R . Rins the behavior of δo(R) is
modified by additional rins dependence arising from Inum

2/Iden.

In this regime the particles are highly localized at the exterior
edge and (1 � u)�1/2 ≈ 1. Accordingly for good solvent Inum =R
0
1exp[�rins

3u2]u du = [1 � exp(�rins
3)]/2rins

3 ∼ 1/rins
3 and

Iden =
R
0
1 exp[�rins

3u2]u2 du = [(2π)1/2 erf(21/2rins
3/2)� 4rins

3/2

exp(�2rins
3)]/16rins

9/2∼ 1/rins
9/2 while for poor solvents Inum =R

0
1 exp[�rins

3u] du = [1� exp(�rins
3/2)]/rins

3∼ 1/rins
3 and Iden

=
R
0
1 exp[�rins

3u2]2 du = [1 � exp(�2rins
3)]/2rins

3 ∼ 1/rins
3.

Thus, δo(R) in the R . Rins case follows

δoðRÞ ∼
HgR

3=2
ins ðgÞ

R3=2
∼ Nτ1=6

R3=2σ1=3
β . 1

HpR3
insðpÞ
R3

∼ Njτj0
R3σ

β , � 1

8>>><
>>>: ðB4Þ

since for good solvent Hg ∼ τ1/3σ1/3 and Rins(g) ∼ τ�1/9σ�4/9

while for poor solvent Hp ∼ |τ|�1σ and Rins(p) ∼ |τ|1/3σ�2/3.
δo(R) increases with solvent quality also in R . Rins limit.

’APPENDIX C: THEMAXIMUM IN cprt(z) FOR TERNARY
ADSORPTION

The maximum in cprt(z) for ternary adsorption, as specified by
∂cprt(z)/∂z = 0, occurs at

zMAXðiÞ

¼
Hg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

2
RcoðgÞ
R

r
β . 1,

RcoðgÞ
R

< 2

HΘ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

3
RcoðΘÞ

R

r
β ¼ 0,

RcoðΘÞ
R

< 3

Hp β , � 1

8>>>>>><
>>>>>>:

ðC1Þ
and the corresponding maximal value of cprt(z) is given by

cprtðzMAXðiÞÞ
cb

¼

exp
1
4
RRcoðgÞ
Ratt

2ðgÞ

" #
β . 1

exp
2

33=2
R3=2Rco

1=2ðgÞ
Ratt

2ðgÞ

2
4

3
5 β ¼ 0

exp
R2

Ratt
2ðgÞ

" #
β , � 1

8>>>>>>>>>>>><
>>>>>>>>>>>>:

ðC2Þ

’APPENDIX D: TERNARY ADSORPTION BEHAVIOR IN
THE R . Rco(i) LIMIT

The altitude zco(i) in the limit of R. Rco(i), easily realized in
the good solvent regime, is given by zco(i)/Hi ≈ 1 � Rco(i)/2R
and the particles adsorb within a a narrow exterior region of
thickness δtern(i) = Hi � zco(i)

δternðiÞ � Hi

2
RcoðiÞ
R

∼ Na

ε=Rσ1=3 β . 1
ε=Rσ1=2 β ¼ 0
ε=Rσ β , � 1

8>><
>>: ðD1Þ

with δtern(p) > δtern(Θ) > δtern(g). In contrast to δins(i) all
δtern(i) ∼ ε/R and they differ only in their σ dependence. The
corresponding expressions for cprt(z), when the exponent in eq 21
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is dominated by the second term, are

cprtðzÞ
cb

¼

exp � R
RattðgÞ

" #2
RcoðgÞ
R

Hg � z

δternðgÞ

 !2
8<
:

9=
; β . 1

exp � R
RattðΘÞ
� �2 RcoðΘÞ

R

� �1=2 HΘ � z
δternðΘÞ
� �3=2

( )
β ¼ 0

exp � R
RattðpÞ

" #2
Hp � z

δternðpÞ

8<
:

9=
; β , �1

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ðD2Þ
The powers of (Hi � z) in the exponent are identical to those
found in eq 11 and the expression differ in that δtern(i) replaces
δins(i) and by the appearance of a prefactor. Similarly, the position
of the maximal cprt(z) for good andΘ solvents in this limit can be
specified as a depth Δ(i) = Hi � zMAX(i) ∼ δtern(i)

ΔðiÞ ¼
Hg

4
RcoðgÞ
R

¼ 1
2
δternðgÞ β . 1

HΘ

6
RcoðΘÞ

R
¼ 1

3
δternðΘÞ β ¼ 0

8>><
>>: ðD3Þ

’APPENDIX E: ON THE TERNARY ADSORPTION Γ

In the following we consider the small and large R limits of Γ
for good and poor solvents. For brevity we will not discuss theΘ
solvent case. To this end, it is useful to express eq 21 in the form

cprtðzÞ
cb

¼ expfratt2ðiÞ½uni � rcoðiÞuni þ 1�g ðE1Þ

where ng = 1, nΘ = 1/2 and np = 0 introducing for compactness
the notation ratt(i) = R/Ratt(i) and rco(i) = R/Rco(i) such that
rins

3(i) = ratt
2(i)rco(i). In turn, Γ as defined by eq 22 may be

written, utilizing dz = �(Hi/2)(1 � u)�1/2, in the form

Γi

cbHi
¼
Z 1

0

exp½ratt2ðiÞðuni � rcoðiÞuni þ 1Þ�
2
ffiffiffiffiffiffiffiffiffiffiffi
1� u

p du ðE2Þ

so that Γi/Hi is a function of ratt(i) and rco(i) alone.

Small R: ratt, 1 and rins, 1 Expanding exp[ratt
2(i)(uni � rco

(i)uniþ1)] leads to integrals of the form
R
0
1uq(1 � u)�1/2 du =

π1/2q!/(q þ 1/2)!. Evaluation of Γi for rins(i) , ratt(i) , 1 or
Rins(i) . Ratt(i) . R leads to

Γi

cbHi
� 1þ 2

3
ratt2ðgÞ β . 1

1þ ratt2ðpÞ β , �1

8><
>: ðE3Þ

In the ratt(i) , rins(i) , 1 or Ratt(i) . Rins(i) . R limit, the
attractive interactions are negligible compared to the insertion
penalty and

Γi

cbHi
�

1� 8
15

rins3ðgÞ β . 1

1� 2
3
rins3ðpÞ β , �1

8>><
>>: ðE4Þ

In both cases, Γ is dominated by Hi and accordingly Γp ∼ Hp <
Γg ∼ Hg. The relative amplitude of Rins and Ratt is manifested in

Γi/cbHi comparing Γi to the particle concentration in a brush free
region of identical volume. When Rins . Ratt . R attractive
interactions play a role and Γi > cbHi. In contrast the insertion
penalty dominates when Ratt . Rins . R thus leading to
depletion Γi < cbHi.

Large R: ratt > 1. The case R > Ratt typically involves two
scenarios as illustrated in Figure 9: (a) In a poor solvent, Rco(p).
R > Rins(p). Ratt(p) or rco(p), 1 with ratt(p). rins(p) > 1: (b)
In a good solvent, R > Ratt(g) . Rins(g) . Rco(g) or rco(g) .
rins(g) . ratt(g) > 1.
In thefirst situation rco(p),1 and eqE2maybe approximatedby

Γp

cbHp
¼ exp½ratt2ðpÞ�

Z 1

0

du

2
ffiffiffiffiffiffiffiffiffiffiffi
1� u

p

¼ exp½ratt2ðpÞ�
3

β , �1 ðE5Þ

thus leading to Γp ∼ Hp exp(|τ|εR
2) increasing with decreasing

solvent quality.
In the second, good solvent case the particles are localized at

the brush periphery and (1 � u)1/2 ≈ 1 thus allowing to
approximate eq E2 by

Γg

cbHg
¼
Z 1

0
exp½ratt2ðgÞu�expð � rins

3ðgÞu2� du β . 1

¼
ffiffiffi
π

p
4rins3=2ðgÞ exp

ratt2ðgÞ
4rcoðgÞ

" #
erf

rattðgÞ
2rco1=2ðgÞ

 !"

þ erf
rattðgÞ½2rcoðgÞ � 1�

2rco1=2ðgÞ

 !#
ðE6Þ

where the second erf term can be approximated by erf(ratt(g)rco
1/2

(g)) ≈ 1 and since erf(x) ∈ [0,1]

Γg

cb
� Hg

rins3=2ðgÞ exp
ratt2ðgÞ
4rcoðgÞ

" #

¼ Hg
RinsðgÞ
R

� �3=2

exp
RRcoðgÞ
4Ratt

2ðgÞ

" #
β . 1 ðE7Þ

where RRco(g)/Ratt
2(g) ∼ Rε2/τ thus leading to Γg ∼ exp(Rε2/

τ) , Γp ∼ exp(|τ|εR2) for sufficiently large R. The limits
discussed in this appendix are illustrated in Fig. 9.

’APPENDIX F: DEFINITIONS AND DETAILS OF THE
NUMERICAL IMPLEMENTATION

The discussion in the body of the text aimed at identification
of trends and the characteristic R’s. It was thus focused on the β =
0 and |β| . 1 regimes using approximations assuming slow
variation of φ(z) and Π(z). In practical terms these approxima-
tions, while leading to simple expressions, incur a price: (i)
Attaining |β|. 1 for typical τ, w requires low σ values within the
brush regime i.e., with strongly crowded chains. Accordingly |β|.
1 may require high N values that are difficult to access in
experiment or simulation. (ii) The approximations ignore nu-
merical factors, of importance in considering the regime bound-
aries, as well as the effects due to partial insertion at the brush
periphery. Also, the validity of the assumption of slowly varying
Π(z) changes with the solvent quality. To circumvent these
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difficulties we base the calculations producing the figures on the
unapproximated eq 1 and consider a broader range of β values
such that the shown results represent exact solutions for the SCF
equations. The simple algorithm utilized is described below. It
takes into account numerical factors omitted in the main body of
the article.

1. Calculation of O(z) and Π(z). The φ(z) profiles are
obtained from eq A13 upon substitution of HΘ (defined in
Table 1), and of the interpolation formula A21 forR(β) specified
by the single “solvent quality” parameter β defined in eq 3; the
brush height is obtained via H = RHΘ. The use of the exact
parametric solution A20 instead of the interpolation formula
yields indistinguishable results. With the so-obtained analytical
φ(z) at hand, we evaluate the osmotic pressure profile via
a3Π(z)/kBT = τφ2(z) þ 2wφ3(z). The φ(z) and a3Π(z)/kBT
profiles characterizing the particle-free brush are fully deter-
mined by τ, w, and the effectively only two additional parameters
of the SCF theory: the reduced length z/Np1/2a, and the reduced
surface density σ/p1/2. Plots of φ(z) and a3Π(z)/kBT vs z/Np1/
2a and for a given σ/p1/2 are thus independent of a, p, and N.

2. Definitions and Calculation of Fins(z), Fatt(z), Ftern(z), and
cprt(z) Profiles. The particle concentration profile cprt(z)/cb �
exp(�F(z)/kBT) where F(z)� Fins(z)þ Fatt(z) is a free energy
of a particle with its geometrical center at altitude z. Fatt can take
different forms depending on the mode, as specified below, while
Fins is uniquely defined by eq 1. For a spherical particle of radiusR
the profile cprt(z) identically vanishes for z < R, the remainder of
this paragraph solely addresses the case z g R. The cross
sectional volume required to evaluate eq 1 is A(z,z0) dz0 = π(Rþ
z� z0)(R� zþ z0)dz0 if |z0 � z|e R and A(z,z0) = 0 otherwise.
Note that when Π(z) ≈ Π(z ( R) the insertion free energy
reduces to Fins(z)≈Π(z)V because

R
0
¥A(z,z0) dz0 = (4/3)πR3 =

V is the volume of a sphere. The different Fatt considered are as
follows: (i) non-adsorbing particles, Fatt(z) � 0; (ii) primary
adsorption, Fatt(z)� �EkBT for R < z < R þ ΔR and vanishing
otherwise, for the figures we use ΔR = a; (iii) weak monomer-
particle attraction: Fatt(z) � �εa�2R

0
¥L(z,z0)φ(z0) dz0 where

L(z0) dz0 is the surface area of an infinitesimal stripe at height z0.
For a sphere L(z0) = 2πR if |z0 � z|e R and Lz(z0) = 0 otherwise.
Note that when φ(z) ≈ φ(z ( R) this attractive term is
approximated by Fatt(z) ≈ �ε4πφ(z)(R/a)2 because

R
0
¥L(z,

z0) dz = 4πR2 is the surface area of a sphere. (iv) In the general
case, not discussed in the manuscript, Fatt comprises a sum of the
three aforementioned terms and may exhibit additional contri-
butions such as van derWaals attraction between the particle and
the surface. These explicit expressions and the exact φ(z) and
Π(z) allow to calculate F(z), cprt(z), δo defined in eq 13 and Γ�R
0
HþRcprt(z) dz for given brush parameters, supplemented by R

and ε or E values, by a simple numerical integration. To this end
we discretize z ∈ [0,HþR] into 10 000 bins, and evaluate all
integrals by summing over bins.

3. Definition of the Characteristic Radii Rins, Ratt, Rco, and
Rprim. The characteristic R are defined by for a hypothetical state
of a particle experiencing insertion at z = 0 conditions. Hard-core
spherical particles cannot approach the grafting surface to 0 < z <
R and cprt(z) � 0 in this range. The hard core interaction is not
explicitly accounted in the F(z) as defined above. To define the
characteristic radii we introduce the following notation: Fins(0) �
Π(0)V, Fprim� Fins(0)� EkBT, Fatt(0)��εa�2

φ(0)4πR2, and
Ftern(0) � Fins(0)þ Fatt(0). In the insertion limit, when R, H
such that φ(z) andΠ(z) are slowly varying over a distance R, the

hereby defined energies are close to the corresponding free
energy values at grazing contact, z = R.
Characteristic length scales were discussed in the text for β = 0

(i = Θ), β . 1 (i = g), and β , �1 (i = p) while omitting
numerical prefactors. In the numerical calculations we also
consider intermediate β values and incorporate numerical fac-
tors, that affect the boundaries between the regimes. Generalized
characteristic length scales are thus required and defined using
the above F(0)’s as follows: (i) Rins is obtained from Fins(0)/kBT =
1, or equivalently Rins/a � (4πΠ(0)/3kBT)

1/3, (ii) Ratt
is specified via Fatt(0)/kBT = �1, that is Ratt/a �
[4πεφ(0)]�1/2, (iii) Rco is introduced via Ftern(0)/kBT = 0,
yielding Rco � Rins

3/Ratt
2, cf. eq 19, and (iv) Rprim is defined by

Fprim/kBT = 0, i.e. Rprim � E1/3Rins.
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